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Abslract. Denote by @)(n; k) an ~-graph of n vcrtieca and k r-tuples. Turin’s classical problem 
states: Detomline the smailcst integer f(n;r, I) so that cvcry G%; f(n; r, I)) contains a K@)(I). 
Tur&n determined f (n; r, I) for r = 2, but nothing is known for r > ?. Put lim,,f(n; t, O/(y) = 
c,,~ The values of c, 2 are not known for I > 2. 
t prove that to &cry e > 0 and intcgcr t there is an no = na(t, e) so that every 
&‘tn ; [ (cp t + c) ()!I} ) has It vertices x!‘, . 1 <, i 5 t, 1 <: j <, I, so that all the r-tuples 
c. cil) 
141 ) . ..I. x’i”] 1 ‘: is < t I Lj, < ir ’ - * . . . <jr 5 c, wr”1t in mlf c (@. SeveraJ unsoolvcd problems 
im posed. 
By an r-graph G(‘) (r 2 2) we shall mean a graph whose basic ele- 
ments are its vertices and r-tuples; for r = 2 we obtain the ordinary 
graphs. 
G”)(H) denotes an r-graph of N vertices. 
&.~t; IN) denotes an r-graph of r2 vertices 3rd n2 r-tuples. 
k?(rt) will denote @(n; (F)), the complete r-graph of ~2 vertices. 
.4%2l, . . . . nl) wili denote the t-graph of Z:=, Hi vertices xijj, 
1 5 j < i, 1 5 i 2 r2iT and the r-tuples of OUT graph. are all the r-tuples 
(,!A ) 
h :;‘“” 
d”‘), I 5 il < . . . < jr C I* J <, i, < nil* v*., 1 5 i <, !lj,* 
K (I) &l denote K,!“‘(r, . . . . t) 
e(Gtb)) denotes the number of ;-tuples in 4% Thus e(Ky)Cn 1, . . . . q)) 
equals the rth elementary symmetric function formed from n 1, ..*) + 
f(12 ; C(r)(u ; u)) is the smallest integer for which every 
cS”(n ; f .(rt ; (J ‘*(‘)(u; u)) contains @‘$A; u) as 3 subgraph. Put 
flr2; Qqt)) = f;%; t) , f((n; P(1)) = fi(%2; 1) = f;“‘(n) l 
In other word@)(n) is the smallest integer for which every 
G(‘)(n;fy$z)) contains a K@)(I). 
2 cz tremal pmhlems 
9 :e 
r-gnaphr 
The function fI,n; G@)(u; u)) was extensively studied in several recent 
papers [ 2,4, 111. Twin ([ I3 1, see also f 12]), who started these investi- 
gations. determin:d fi’2$~) for every d and 11 (e.g. ,@b) = [?&r? j + 1). 
He pyoved 
(11 
1 
lim p(n)/($ ) = I -- i.-- i . 
n -*a 
The values of_#‘+n) are unknown far every r 4 3 and I > r, though 
Turin made anany years ago several~ plausible canjectures. He cmjcc- 
tured. among ~tht‘rs, that 
It is known and easy to xc that 
exists. in fact it is shown in f 91 that ff”(r~)/t,” b is nonincreasing se- 
‘F!le values CrJ are known for > 2, > K 
and I 17 J proved tflat for every t 3, t and I > 2, 
Let Gr’) be an ordinary graph of chromatic number 1. SimonoCts and 
I fr; J proved 
14) is an easy consequence of (31, since every I-chromatic graph C”’ is a 
subgraph of some KfZ’(r). 
Very little is known about f(n; G")) for r > 2. I proved [3) that for 
everyr_>2andt3,1, 
For r = 2 th6s is a re,sult of K6vari and the Turins [ IO), who proved that 
~2 I 5 l/t. It seems likely that E2,t 1 = l/l, but this is known only for 
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t = 2 and t = 3 ( [ I] , see dso [ 8 ] ). The best possible values for E~,~ are 
not known fcr I > 2. 
Let 
(3) immediately implies that every (r P(2)(~z; (an’]) contains a subgraph 
of ??I = nr(rr) (m -+ QI as II 3 4 vertices which has at least ?4m2( 1 - l/(6 f )) 
edges (it suffices to take the subgraph @(r)). It is easy to see that 
5% 1 .-a 1 /(I - I 1) cannot be replaced by a larger number. 
Let G(‘$z) be any graph having the vertices x1, . . . . x,. 
cP(x * xjm ) is the subgraph spanned by the vertices xi,, . . . . -Yitn. By 
proba&%c methods f S J , the following result can be proved: 
Let 0 < Q < !4 and let 11 3 ~0. Then there is a G”)(n; (an2 1) so that 
for every (m/log n 1 + w every subgraph Gt2’(x. - ‘1 , . . . , .xjm ) spanned by nr 
vertices has (at f u( 1 ))d cclges. III other words, the edges are in a cer- 
tain sense uniformly distributed over all large subgaphs. It can be shown 
that this result is also best possible in the following sense: Let 0 < a < $5 
and G(2)(m; [an2 1) any graph. Then to &ery c there is an e so that our 
graph has a spanned subgraph C’t2)(xj,, . . . . .xim), m > c log n for which 
(Q -.t:)m2 e @Y2’(r. , . ..( x- - il Q?l )I < (a +elm2 
is not satisfied. We do not discuss the proof of these results in this paper. 
t 5) clearly implies that every G%; [E rz’ 1) contains a subgraph of m 
vertices (m = rn( II ), m --, - as n --, OQ ) which has at least (m’/r’) r-tuples. 
(To see this, it suffices to consider the subgraph K!‘)(t) the existence of 
which is guaranteed by (9.) Unfortunately, this is the only result of 
this type which I can prove for r > 2.1 am certain that the following 
result is true: 
There is an absolute constant c > l/r’ so that every 
GCr)(,; [(n’lr’)( 1 +e)]) contains a subgraph @(m; [cm’]) where 
nt = m(rt), nt -+-a.sn+-. 
1 cannot even prove this conjecture fort = 3. On the other hand I cm 
generalise (3) for r-graphs. In fact, I can prove the following: 
Theorem. For every r 2 2,Z 2 r and t 2 1, : 
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The only blemish is that we do not know the value ofc,~ for r > I!. 
To prove the Theorem we have to show that for every r 2 2, t 2 I 
and e > 0, G(‘+n; [(~,~+e)(~l] always contains a Kf”(t) if 
RI> n,(r. I, 1. e). First we prove the following 
Proof of th..* Lemma. We evidently have f the summation is extended over 
al the r:, nr-tuples of II) 
since each r-tuplc of our G%z; ‘cr.! +E)(;)) occurs in exactly Cz-_‘r) 
m-tuples. 
On the other hand, if our Lemma would not be true then for all but 
q(z) of the Muples, the r-graph G(“(Xj,, . . . . .x& has at most 
k,,i + ?!ze J ty) r-tuples and the remaining q(i) graphs G”)(Xil, . . . . xim 1 
can of course each h?ve at most (T) r-tuples. Thus we wou%d have 
for sufficiently small q = q(e). (8) clearly contradicts (7) since (G)(T) L= 
(g::) (F). This contradiction proves the Lemma. 
Now we are ready to prove the Theorem. An I-tuple (I > ir) of our 
0’) is called good if aP1 its r-tuples occur in G? 
Roof of the Theorem. Let G(‘)(x* ) . . . . xc) be any of the q(k) subgraphs 
of G”j(n; ((c,, +e)(“,)J) which sakfy (6). Bj; the definition of cIJ this 
graph contains a K(‘)(I) if m > m&), i.e. an I-tuple all whose r-tuples 
occur in the graph, in other words a good I-tuple. Thus there are at kast 
q(i) I-tuples aJf whose r-tupies occur in G? These good I-tuples are not, 
of count, ail distinct, but the same I-tuple can occur in at most (::‘I> 
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m-tuplcs. Hence for rri > m. our graph contkix at least 
(9) vi: )I(;?,) > qt1)“1 Y 
good I-tuples. The good Z-tuples define a G’“(n) which, by (9) and (5). 
contain 3 K/O(t 1 for every t if It is sufficiently large. 13~ the definition of 
good btuples, the A;‘“(f) having the same vertices as X,/O(t) occurs in 
G(‘)(n; 1 (c, 1 +e) (;>I J t i.e. all its r-tuples occur in G!“) and this completes 
the proof if the Theorem. 
By the same method we can prove the following slightly more general 
result: 
Let Gtrr be any r-graph whose vertices are xl, . . . . x,. G(‘)(r) is defined 
as follows: Its vertices are .xpJ. 1 5 i 2 rd. I S j < I; an r-tuple 
(,xW , . . . . JP ), 1 5 i, < . . . <: i, 5 tz, 1 <&5 I, s= 1, . . . . r, belongs to 
&h(t) if alit only if (xii I . ..* xi) belongs to G”). We then have for every 
t5 1, 
Jkfortunately, G@‘(c) is known only if G(‘) is a subgraph of K,“)(t) 
for some t, in which case G”‘(c) = 0. However, we can give a lower bound 
for @)(c) as follows: 
Cc’) defines an ordinary graph G12)(ct’)) by: G(*)(G(‘)) has the same 
vertices as G(‘); two vertices of G(‘l are joined in G”‘(G(‘)) if and only 
if they belong to the same r-tuple of G ‘(I). Let I be the chromatic number 
of G’2’(G~‘)), If I = r, then Gt’) is a subgraph of some KY’(r) and . 
G”)(C) = 0. In-general, it is easy to see that 
In general, ( IO) is certai.nly not best possible. 
Perhaps the following restilt holds: Every Gt3)(3rr; n3+ I) contains 
either a Ct3)(4, 3) (the structure of this graph is unique) or a graph of 
S vertices x Iv . . . . x5 and four triples (xlt x2, x3), (.x1, x2, x4 1, 
(~1, -Q~ x5), (X-J, x4, x5 1, or a graph of S vertices and five triples 
(x ,.~2,~~3),(X,,X~,~4;rIX~,Xj,Xj)r rr J \ .I 2~.~4,-~j),(X3,X4,Xj~* 
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